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• Abstract 

We give partial results on the factorization conjecture on codes proposed by Schiitzenberger. 

i 1 We consider finite maximal codes C over the alphabet A = {a, b} with Clla* = a p , for a prime 

i_— J ■ number p. Let P, S G Z(^4), with S = So + Si, supp(S'o) C a* andsupp(S'i) C a*b ■ supp(So). 

We prove that if (P, S) is a factorization for C then (P, S) is positive, that is P, S have co- 
efficients 0, 1, and we characterize the structure of these codes. As a consequence, we prove 
that if C is a finite maximal code such that each word in C has at most 4 occurrences of 
fr's and dP 6 C, then each factorization for C is a positive factorization. We also discuss the 
t-H , structure of these codes. The obtained results show once again relations between (positive) 

factorizations and factorizations of cyclic groups. 

; 1 Introduction 

The theory of variable-length codes is a topic with elegant mathematical results and strong 
' connections with automata theory. It originated at the end of the 60's with Schiitzenberger, 

who proposed in [28J the semigroup theory as a mathematical setting for the study of the 
uniquely decipherable sets of words in the context of information theory (see [2] for a complete 
treatment of this topic and also PQ for a viewpoint focused on applications of codes). In this 
paper we follow this algebraic approach and codes are defined as the bases of the free submonoids 
of a free monoid. 

A well known class of codes is that of prefix codes, i.e., codes such that none of their words 
is a left factor of another one. A classical representation of a prefix code C over an alphabet A 
is as a set of leaves on a tree. In this case, the set of the internal nodes represents the set of 
the proper left factors P of C and C is maximal (i.e., we cannot add any word to C without 
losing the uniquely decipherable property) if and only if each internal node has a number of 
children equal to the cardinality of A. Thus, it is clearly evident that C = PA \ P or, in terms 
of noncommutative polynomials, C — 1 = P(A — 1) (here 1 is the empty word and X denotes 
the characteristic polynomial of a finite language X, i.e., the formal sum of their elements). 

One of the conjectures proposed by Schiitzenberger, known as the factorization conjecture 
asks whether a more general equation can be stated for a finite (not necessarily prefix) maximal 
code C, namely whether finite subsets P, S of A* exist such that C-l = P(A - 1)S [2~2l f2U], 
This longstanding open question, one of the most important in the theory of codes, is inspired 
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by a problem of information theory [23]. Only partial results are known (see [2]). The major 
contribution to this conjecture is due to Reutenauer [261 127j, In particular he proved that if 
C is a finite maximal code then C — 1 = P(A — 1)5, where P,S£ Z(A) are polynomials with 
integer coefficients. We call (P, S) a factorization for C. Then, if the factorization conjecture 
were true, there would exist a "privileged" positive factorization (P, S) for C, where P, S have 
coefficients 0, 1. This is always the case for codes over a one-letter alphabet [T5]. However, in 
this case factorizations which are not positive exist. In the case of a one-letter alphabet, it has 
also been conjectured that if (P, S) is a factorization for C and S has coefficients 0, 1 then the 
same holds for P |19] . 

There are no many examples of factorizations which are not positive. On the contrary, every 
factorization (P, S) for C is positive if C is a finite maximal code over a two-letter alphabet 
{a, b} with m < 3 occurrences of the letter b in its words [91116^124], In this paper we investigate 
further in this direction. We consider finite maximal code C over A = {a, b} and we prove the 
following results. 

For a polynomial P 6 1>{A), let P g be polynomials such that a word w € A* has a non zero 
coefficient a in P g if and only if w has g occurrences of the letter b and w has the same non 
zero coefficient a in P. Let P,S£ %>{A), with S = So + Si, and assume that for any a l ba J 
having a non zero coefficient in Si, a 3 has also a non zero coefficient in Sq. We prove that if 
(P, S) is a factorization for C and C D a* = a p , for a prime number p, then (P, 5) is positive. 
As a consequence, we prove that if C is a (p, 4)-code, that is each word in C has at most 4 
occurrences of 6's and a p € C, then each factorization for C is positive. More generally, let S 
be a polynomial with nonnegative coefficients and such that for any wba J having a non zero 
coefficient in S, a J has also a non zero coefficient in Sq. We prove that if (P, S) is a factorization 
for C, with a p £ C, then P, 5 have coefficients 0, 1. This result is related to the above mentioned 
conjecture in [19J. In the same direction, we remove the hypothesis on the power of a in C and 
we prove that if (P,S) is a factorization for C such that So, Si, Po have coefficients 0, 1, with 
Si C a*bSo, then Pi has nonnegative coefficients. 

Another objective is the description of the structure of the (positively) factorizing codes, i.e., 
codes satisfying the factorization conjecture. We attach this problem for (p, 4)-codes and for 
codes C such that C = P(A — 1)S + 1, S = Sq + Si, Si C a*bSo- In particular, we characterize 
the structure of all codes in the latter family. It is worth noting that there are several papers 
devoted to this problem [HI El [TUl HU H21 131 [14], [151 [24] . In particular, the structure of m-codes, 
m < 3, has been characterized as well as that of codes C such that C = P(A — 1)S + 1 with 
P C A*, S C a*. In all these cases, there are relations between (positive) factorizations and 
factorizations of cyclic groups. The results proved in this paper once again show these relations. 

The paper is organized as follows. In Section [2] we set up the basic definitions and known 
results we need. In Section [3] we give an outline of the results on the factorization conjecture 
and we prove these results in Section [5] In Section [5] we recall some known results and give an 
outline of new results on positively factorizing codes. The new results will be stated in Sections 
[6j [7] and [8] Finally, in Section [9j we discuss some open problems that follow on from these 
results. 

2 Basics 

2.1 Codes and words 

Let A* be the free monoid generated by a finite alphabet A and let A + = A* \ 1 where 1 is 
the empty word. For a word w S A* and a letter a 6 A, we denote by \w\ the length of w 
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and by \w\ a the number of the occurrences of a's in uu. When |u;| a = r, we will say that w 
has r a's. The reversal of a word w = a% . . . a n , a^ G A, is the word io~ = a n . . .a\ and we set 
X~ = | u; G X}. 

A code C is a subset of A* such that, for all h,k > and ci, . . . , Ch, c' 1; . . . , c' k G C, we have 

ci • • • Ch = c'i ■ ■ ■ c' k h = k and Cj = for i = 1, . . . , h 

A set C C j4 + such that C PI CL4 + = is a prefix code. C is a sti/^c code if C~ is a prefix code 
and C is a biprefix code when C is both a suffix and a prefix code. A code C is a maximal code 
over vl if for each code C over ^4 such that C C C" we have C = C . 



2.2 Polynomials 

Let 2(^4) (resp. N(j4)) denote the semiring of the polynomials with noncommutative variables in 
A and integer (resp. nonnegative integer) coefficients. Henceforth we will use the same capital 
letter to designate a finite subset X of A* and its characteristic polynomial X_ = ^2 xeX x - 
Therefore, "characteristic polynomial" will be synonymous with "polynomial with coefficients 
0, 1". For a polynomial P and a word w G A*, (P,"w) denotes the coefficient of w in P and we 
set supp(P) = {w G A* | (P,w) ^ 0}. When we write P > 0, we mean P G N(A). Furthermore, 
P~ is defined by (P~,io~) = (P,itf), for each w G A*. For P G Z(^4), ^ = {a,b} and o G N, we 
denote P g polynomials such that 



VweA* (Pg,W) 




if \w\ b = g, 
otherwise 



Then for any P G %{A), there exists h G N such that P = Po + . . . + Ph- The notation 
= ^2 n £f$(Hi n)a n will also be used with H G N(l), i.e., with H being a finite multiset of 
nonnegative integers. Computation rules are also defined: a M+L = a M a L , a MuL = a M + a L , 
a = 0, a = 1. 



2.3 Factorization conjecture 

Conjecture 12. H given in a weaker form in [23], is among the most difficult and still unsolved 
problems in the theory of codes. This conjecture was formulated by Schutzenberger and, as far 
as we know, it does not appear explicitly in any of his papers. It was quoted as the factorization 
conjecture in [22] for the first time and then also reported in [21 El [7]. 

Conjecture 2.1 [29] Given a finite maximal code C, there are finite subsets P, S of A* such 
that: 



C -1 = P(A-1)S (2.1) 

Each pair (P, S) of finite subsets of A* satisfying Eq. (|2.ip . will be called a positive factorization 
for C. Each code C verifying the previous conjecture is finite, maximal and is called a (positively) 
factorizing code. 

Finite maximal prefix codes are the simplest examples of positively factorizing codes. Indeed, 
C is a finite maximal prefix code if and only if C = P{A — 1) + 1 for a finite subset P of A* [2]. 
In the previous relation, P is the set of the proper prefixes of the words in C. More interesting 
constructions of factorizing codes can be found in [H [51 [6] whereas the result which is closest 
to a solution of the conjecture is reported in Theorem 12.11 and was obtained by Reutenauer 

[21 El [261 [27| . 
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Theorem 2.1 ^ Let C e N(A), w>*tft (C, 1) = 0, and /et P,5 G Z(A) 6e suc/i fftai C = 
P(A — 1)5" + 1. Then, C is a finite maximal code. Furthermore, if P,S G N(A), then P,S is 
a positive factorization for C. Conversely, let C be a finite maximal code. Then, there exist 
P,S G Z{A) such that C = P(A - 1)5 + 1. 

Given a finite maximal code C, a factorization (P, 5) for C is a pair of polynomials P, 5 G Z{A) 
such that C = P{A — 1)5 + 1. Of course (P, 5) is a factorization for C if and only if the same 
holds for (— P, — 5) and moreover (5~,P~) is a factorization for C~. From now on, A = {a, 6} 
will be a two-letter alphabet. 

3 Outline of the results on the factorization conjecture 

Let C be a finite maximal code over A, let (P, 5) be a factorization for C (Theorem 12 .lj) . Then 
P, 5 G Z(A) are such that C = P(A - 1)5 + 1. Thus the set C r = {w G C | |w| b = r} of the 
words in C with r 6's is the sum of the terms of degree r with respect to the variable b in the 
polynomial P{A — 1)5 + 1, i.e. 

C = P (a-1)5 + 1, 
Vr > C r = Yl P ^ a ~ l ) S i + 2 Pi65 J 

i+j'=r i+j=r— 1 

Example 3.1 Consider the finite maximal code defined by the relation C = P(A — 1)5 + 1, 
with 

P = l + a^a^'^^'^ + a^a^a^ 1 ' 2 ' 3 ' 4 ' 5 ^ 

5 = a {0,l,2,3,4} + a {0,l} 6a {0,l,2,3,4} 

Then we have 

p Q = 1, Pl = a 2 6o {0,l,2 ) 3,4,5,6} j p 2 = a 2 6a 3 bo {0,l,2,3,4,5,6} 

5 = a^ 1 - 2 ' 3 ^, 5 X = a^W ' 1 ' 2 ' 3 ^ 

Consequently 

C = P (a-l)5 + l = (a-l)a^ 1 ' 2 ' 3 ' 4 } + l = a 5 
d = P 65o + Pi(a-l)5 + Po(a-l)5 1 

= ^{0,1,2,3,4} + a 2 6a {0,l,2,3,4,5,6} (a _ 1)a {0,l,2,3,4} + (fl _ ^{0,1} ^{0,1,2,3,4} 

= aW 7 ' 8 ' 9 ' 10 ' 11 * 
C 2 = Pi65o + P 65i + Pi(a-l)5i+P 2 (a-l)5o 

= a 2 6a {0,l,2,3,4,5,6} 6a {0,l,2,3,4} + ^{0,1} ^{0,1,2,3,4} + 

a 2 5a {0,l,2,3,4,5,6} (a _ 1)a {0,l} 6a {0,l,2,3,4} + ^3^0,1,2,3,4,5,6} (fl _ 1)a {0,l,2,3,4} 
= fca^W ' 1 ' 2 ' 3 ' 4 } + a 2 6a {2,4,5,6,7,8} ba {0,l,2,3,4} + ^3^7,8,9,10,11} 



4 



C 3 = P 1 bSi + P 2 bS + P 2 {a-l)S 1 

= a 2 6a {0,l,2,3,4,5,6} 6a {0,l} 6a {0,l,2,3,4} + O 2 &a 3 6o {0,l,2,3,4,5,6} 6o {0,l,2,3,4} + 

= aV^^Ha^Ha^ 2 ^ + a 2 ba 3 ba^ 3 ^ 7 ' 8 ha^ 2 ^ 
C 4 = P 2 bS 1 = ^fta^^'^^^^^fto^^bai ' 1 ' 2 ' 3 ^ 

The factorization (P, S) for C in Example 13.11 is positive. We notice that a p £ C, with p 
a prime number and S = So + S\ with supp(Si) C a*b ■ supp(So). We will prove that any 
factorization (P, S) for a code C satisfying these two hypotheses is necessarily positive. 

In the proof of this result we may assume that P = Pq + . . . + Pk with k > 2 and 5 = So + 5*1 
with Si ^ 0. Indeed we recall below that P, S is always positive if k < 1 (and S = So + Si) or if 
supp(S) C a* . Given m £ N, an m— code C is a finite maximal code over {a, b) such that each 
word in C has at most m b's. The following result has been proved in [24] for m = 1, in [16J for 
m = 2 and in [9] for to = 3. 

Theorem 3.1 Let m £ N, m < 3. ^4ny m-code C is positively factorizing. Moreover, each 
factorization for C is a positive factorization for C . 

The following result has been proved in [9] 

Theorem 3.2 Let C be a finite maximal code, let (P, S) be a factorization for C . If P G Z(a) 
(resp. S £ Z(a) J t/ien (P, S) is a positive factorization for C . 

If additionally a p £ C, we have Co = a p = Po(« — l)So + 1, i.e., -PoSo = 1 + a + . . . + a p_1 . 
Since for a prime number p, the polynomial 1 + a + . . . + a p ~ l is irreducible in Z[a] (see Example, 
p. 129 in [21J), we have P = 1 + a + . . . + a^ 1 , S = 1 or P = 1, S = 1 + a + . . . + a?' 1 . 

Another result, proved in [9], is recalled below: P^, Si always have coefficients 0, 1. 

Theorem 3.3 Let C be a finite maximal code, let (U,V) be a factorization for C . Then either 
(P, S) = (U, V) or (P, S) = (—U,—V) satisfies the following conditions, where P = Xa=o^"*> 

(i) Pk and have coefficients 0,1. 

(ii) Either P fc _i £ N(A) \ and P k = EpesnppiP^P^ or S h ^ £ N(A) \ and S h = 

In conclusion, we already know that Po, S have coefficients 0,1. In Section [4.11 we will prove 
that P = Po + . . . + Pfc has also coefficients 0, 1. More generally, let S be a polynomial with 
nonnegative coefficients and such that a 3 £ supp(So), for any wbaP £ supp(S). Let (P, S) be 
a factorization for C, with a p £ C. In Lemma 14.11 we will prove that if Po, Pi, . . . , P r have 
nonnegative coefficients, the same holds for P r +i. As a consequence of this result, (P, S) is a 
positive factorization for C (Theorems 14.11 H~2"l) . 

Regarding the factorization conjecture, we will prove two other results. In Section 14.21 we 
consider (p, 4)-codes, i.e., 4-codes C such that Cda* = a p . It is easy to prove that factorizations 
(P, S) for C such that S = So + Si with supp(Si) <f_ a*b ■ supp(So) are also positive. Therefore 
we show that all (p, 4)-codes have only positive factorizations. Notice that in [30] it has been 
proved that an m— code C is positively factorizing if b m £ C and m is a prime number or m = 4. 

Finally, in Section 14.31 we will prove that Pi has nonnegative coefficients under weaker hy- 
potheses on P, S, C. Precisely, we remove the hypothesis on the power of a in C and we prove 
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that if (P, S) is a factorization for C such that Sq, Si, Pq have coefficients 0, 1, with S\ C a*bSo, 
then Pi € N(A). In the proof of this result we point out properties of P\ and S\ that will be 
used in Sections [6] and [8] for the construction of factorizing codes. 

4 Main results 

4.1 Factorizations (P, S) with a few numbers of b in S 

In this section we prove our main result: if C is a finite maximal code over {o, b} with Cfla* = a p , 
for a prime number p, and P, 5 is a factorization for C with S = Sq+S\, supp(Si) C a*6-supp(So) 
then P, S have coefficients 0, 1. This result is a direct consequence of the following lemma. 

Lemma 4.1 Let Sq = a J with J = {0} or J = {0, l,...,p— 1}, where p is a prime number. 
Let S = Sq + Si + . . . St G N(^4), mfft supp(5/ l ) C A*bSo, 1 < h < t. Let r > and assume that 
Po, Pi, ... , P r +i G Z(^4) are polynomials such that 

c r+l = y, p ^ a - ^ Sh + S p<65 * - 

i+/i=r+l i+/i=r 

7/P , Pi, . . . , P r G N(A) i/ien P r+i G N(A). 
Proof : 

Assume that J = {0, 1, . . . ,p— 1} (if J = {0} we may apply the following argument with p = 1). 
By contradiction, let P r+ i = P/ +1 -P" + i with P; +1 ,P r " +1 G N(A), supp(P r ' +1 ) n supp(P r " + i) = 
and P" +1 7^ 0. Let ^ = max{m | Eta G ^4* x6a m G supp(P r '' + i)} and let x £ A* be such that 
y = xba 1 G supp(P" + i)- 

Since supp(SV0 C A*bS , 1 < ft < t, we have E i+/l=r+lj h^o jP *(° ~ i) 5 ^ + 52i+h=r p i bS h, ya p ) = 
0. Furthermore, by definition of y, we also have (P^' +1 (a p — l),ya p ) = (P" +1 a p ,ya p ) > 0. Thus 

< (C r+1 ,ya p ) 

= (P r+a (a - l)a J ,yaf) = (P r+ i(a^ - l),ya p ) 

= (P;. +1 (a p - l),ya p ) - (P? +1 (a p - l),ya p ) 

< (P; +1 a p ,ya p )-(P! +1 (a p -l),ya p ) 

< (P; +1 a p ,ya p ) = (P^ +1 ,y) 

In conclusion {P' r+1 ,y) > and y G supp(P/ +1 ) n supp(P r " + i) 5 a contradiction. ■ 

The following observation is connected with a generalization of the conjecture given in [19] 
to alphabets with size greater than one. 

Remark 4.1 Lemma 14.11 is no longer true if the hypothesis supp(5/ l ) C A*b ■ supp(So) is 
dropped, even if S is a polynomial with coefficients 0,1. Indeed let s,t,n G N, with s > 1, 
t > 0, n > 1, let P = 1, Pi = fta* ' 1 '-'*^ - a s ba tn , S = O {o.i.-.n-i} + a {o,i,.., s -l} fca (t+l)n Then 
PoftS'o + Pi (a - 1)5 + Po(a - l)Si = ba^'- n -^ + a s ba tn is a polynomial with coefficients 0, 1. 

Theorem 4.1 Let C be a finite maximal code such that a p G C, with p being a prime number, 
and let P G Z(A), S = S + Si + . . . S t G N(A), with supp(5 h ) C A*b • supp(5 ), l<h<t. If 
(P, S) is a factorization for C then P, S have coefficients 0, 1. 
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Proof : 

Let P = P + Pi + . . . + P k and S = S + S x + . . . S t G N{A), with supp^) C A*b ■ supp(So), 
1 < h < t. Assume that (P, S) is a factorization for a finite maximal code C and aP G C, with p 
being a prime number. Therefore Po, Sq have coefficients 0, 1. Precisely, Po = 1 + a + . . . + a p_1 , 
So = 1 or Pq = 1, Sq = 1 + a + . . . + a p_1 . Furthermore, for any r > 0, 

C r+ i = ^ Pi{a - l)S h + PibS h > 

i+/i=r+l j+h=r 

By using induction and Lemma 14.11 (applied with r G {0, . . . k — 1}) we have P G N(-A). Then, 
by Theorem 12.11 P, S have coefficients 0, 1. ■ 

Theorem 4.2 Let C be a finite maximal code such that aP G C , with p being a prime number, 
and let P, S G Z(^4), with S = So + Si, supp(Si) C a*b ■ supp(5o). If (P, S) is a factorization 
for C then P, S have coefficients 0, 1. 

Proof : 

Let P = Po + Pi + . . . + Pfc, k > 2 and S = So + Si, with supp(Si) C a*b ■ supp(So). Assume 
that (P, S) is a factorization for a finite maximal code C and dP G C, with p being a prime 
number. By Theorem I3.3| Si (and P&) have coefficients 0, 1. Furthermore, since aP G C, Po,So 
have coefficients 0, 1. Thus Theorem 14.11 applies to (P, S) and P, 5 have coefficients 0, 1. ■ 

4.2 (p, 4)-codes are positively factorizing 

In this section we consider (p, 4)-codes, i.e., 4-codes C such that C C\a* = a p , p being a prime 
number. We show that they are positively factorizing and have only positive factorizations. 
Looking at equations in Section El factorizations for a 4-code may be divided into two sets, 
described in Lemma l4.2i 

Lemma 4.2 Let C be a 4-code, let (U, V) be a factorization for C. Then for (P,S) = (U,V) 
or for (P,S) = (V~,i7~) one of the following two conditions is satisfied. 

(1) P = Po + Pi + P 2 + P 3 , S G Z(a). 

(2) P = P + Pi + P 2 , S = S + Si. 

We already know that factorizations for a 4-code satisfying item (1) in Lemma l4.2l are positive 
(Theorem 13. 2p . Consequently, we focus on factorizations (P,S) for a 4-code C that satisfy item 
(2) in Lemma \4.2\ i.e., such that P = Po + Pi + Pj, S = So + Si- Since aP G C, Po,So are 
polynomials with coefficients 0,1. Then, in view of item (i) in Theorem 13. 3( P 2 and Si have 
coefficients 0,1. Consequently, S has coefficients 0,1. Furthermore, in view of item (ii) in 
Theorem Pi G N(A) and P 2 = Y. p&uppiPl) pba L p or S = a J + Y.jeJ aMjbai - In the first 
case, P G N(A), thus (P, S) is positive in view of Theorem 12. 11 In the second case, (P, S) is also 
positive by Theorem 14.21 As a consequence of the above results we can state Theorem 14.31 

Theorem 4.3 Let p be a prime number. Any {p,4)-code C is positively factorizing. Moreover, 
each factorization for C is a positive factorization for C . 
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4.3 Partially positive factorizations 

We end this section with another result: if (P,S) is a factorization for C such that Pq = a , 
S = a J and 5i = Y,jeJ aMj ba j , with J ,J, M j C N, then Pi G N(A) (Theorem [O]) . Notice 
that P (a - 1)5*0 = a n - 1, i.e., aV = 1 + a + . . . + a"" 1 , where a n G C. These pairs (I, J) of 
subsets of N can be constructed by a method given in |18j and they will be called here Krasner 
factorizations of the finite cyclic group Z n of order n. Theorem 14.41 will be proved through 
Lemmas 14.31 - 14.61 These lemmas will also be used in Sections [6] and [H 

Lemma 4.3 Let (I, J) be a Krasner factorization ofZ n . Let Pi G %(A), let Mj, j G J, be finite 
subsets o/N suc/i i/iai: 

a / 6a J + Pi(a-l)a J + ^a / (a-l)a M ^a i > (4.1) 

jeJ 

Then we have P\ = Yliei' a% b{a< Li — a- L ' i ) ) where I' is a finite subset of N and Lj, L\ G N(l) are 
such that supp(Lj) n supp(L-) = 0, for each i G I'. 

Proof : 

Assume that Eq. (|4.1|) holds, with I, J, Pi,Mj, j G J, as in the statement. Thus, since Pi G 1>(A), 
we have Pi = Y^i^r a % ba Li — Ylk&K a k ba L '* , where I',K are finite subsets of N, Li, L' k G N(l) 
and I', K, Li,L' k are such that supp(^ ig// a % ba L% ) n supp(E fcgft - a k ba L 'k) = 0. 

Let us prove that if C J', By contradiction, assume that k' exists, with k' G K \ I' . Let 
= max{£ | £ G ^/}, j' = max{j \ j G J}. We have: 

(o/6a J + ^ a 1 {a - l)a M ^ba j ,a k ' ba e ' +1+j ') = (since £' + 1 + j' & J ), 

(^V&a Li (a - l)a J ,a k 'ba e ' +1+j ') = (since k' $ I' ), 
ier 

(Pi(a - l)a J ,a fc V +1+ -?") = -(£ a fc 6a L *(a - l)a J , cW^') 

fceA' 

= -{a k 'ba L '« (a - l)a J , a fc V +1+J ") < (since / + 1 + / g L' fe , + J ). 
The above relations yield: 

(a / 6a J + ^a / (a-l)a M ^a J ' + Pi(a-l)a J ,a fc '6a <? ' +1+J ") < 

which contradicts Eq. (|4.ip . Therefore, K' C 7' and since Pi = Ylier a% ba Li — ^ fcgA - a'k^, 
with supp(E ig/ , a l ba Ll ) n supp(^ A . e/f a k ba L 'k) = 0, we have Pi = ^ ie p a l b(a Ll — a L »), where 
/' is a finite subset of N and Li,L[ G N(l) are such that supp(Lj) n supp(L^) = 0, for each 
ieP. m 

Lemma 4.4 Let (J, J) be a Krasner factorization of Z n . Let I', Mj, with j G J, be finite 
subsets o/N, let Li,L' { G N(l), with i G I', be such that: 
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a 7 6a J + J2 ai Ka Li ~ a L ')(a - l)a J + ^a 7 (a - l)a M ^ba j > (4.2) 
iei' j£J 

Then, for each i G I', there exists ki G N swc/i t/iat 

a Ll (a-l)a J -a L '>(a-l)a J + /c;a J > (4.3) 

Proof : 

Assume that I', Mj, with j G J, Lj, L^, with i G J', are as in the statement. By using Eq. (l4.2p . 
we have: 

Vi G I' < (a 7 , a> J + (a 7 " - a L '0(a - l)a J + J^(a 7 (a - l)a M %a> j 

< (a 7 ,a')a J + (a L * -a^)(a- l)a J + ^ (a 7 (a - l)a M ^ , a l )a j 

j&J, (a 1 (a-l)a M J 

< a Ll (a - l)a J - a L '*(a - l)a J + ha J ', 

where ki = k' i + (a 7 , a*), k[ = maxj^j^ ^> Xj, Xj = (a 1 (a — l)a M i , a 1 ). ■ 

Lemma 4.5 Let k G N. If X,X' G N(l), wii/i supp(X) n supp(X') = 0, are suc/i tfiai: 

a x (a- 1) -a x '(a- !) + fc > (4.4) 
i/ien supp(X') = 0. Furthermore, i/supp(X) ^ then k > 0. 
Proof : 

By contradiction, assume that supp(X') ^ and let x = max{x' \ x' G supp(X')}. Thus we 
have x + 1 > and (— a x (a — 1), a x+1 ) < 0. Hence, in view of Eq. (|4.4p . we have 

< (a x (a-l) -a X '(a-l) + k,a x+1 ) 
= (a X (a-l)-a X '(a-l),a x+1 ) 

< (a x (a-l),a x+1 ) 

< (a x a,a x+1 ) 

which yields x G supp(X) nsupp(X'), a contradiction. Thus supp(X') = 0. If supp(X) ^ 0, let 
x = min{x' \ x' G supp(X)}. Since (a x (a — l),x) < 0, we have k > 0. ■ 

Let H G N(l), n G N and t G {0, . . . ,n-l}. We set [H] t = {h G H \ h = t (mod n)}. Notice 
that [H\t could be a multiset: any element h G H such that h = t (mod n) is in [H]t with the 
same multiplicity as in H. 

Lemma 4.6 Let (I, J) be a Krasner factorization of 7L n , let k G N. If L,L' G N(l) ; with 
supp(L) n supp(L') = 0, are such that: 

a L {a - l)a J a 1 - a U {a - l)a J a 1 + ka J a 1 > (4.5) 
then supp(L') = 0. Furthermore, z/supp(L) ^ then k > 0. 
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Proof : 

By Eq. (|4.5|) . since (J, J) is a Krasner factorization of Z n , we have: 

< a L (a 
= a L (a 

which yields: 



- l)a J a / -a L (a - l)a J a 1 + ka J a 1 

-l)-a L '(a n -l) + k— — 

a — 1 



Vi G {0,...,n- 1}, ol 1 ']*(a n -l)-a[ £,/ ]*(a n -l) + jbo*>0 (4.6) 

By erasing a* and by changing a n with x in each term of this inequality, we get an inequality as 
in Eq.flB]). Precisely, for all t € {0, . . . ,n — 1}, let X t ,X' t € N(l) be defined as follows: 



a x * = ^(a^y+^K, a x * = T (a^\a t+x ' n )a x ' 



- = £(a [L 'K< 



As a direct consequence we have 

supp(X t ) ± O supp([L] i ) ^ 0, supp(X^) + ^ supp([L'] t ) + 
Furthermore, for any x G N, we also have 

(a [L] '(a n - 1) - a [L ' ]t (a n - 1) + fca', a"*') = (a Xt (a - 1) - a x '(a - 1) + fc,o*) 

Since for any y,t G N we have (a^ t (a n — 1) — a^'l* (a n — l) + ka t , a y ) ^ if and only if ?/ = xn+t, 
the above relation shows that 

a l L h(a n - 1) - a^'(a n - 1) + ka l > a Xt (a - 1) - a x *'(a — l) + k>0 

Thus, in view of Eq. (|4.6p we have a Xt (a — 1) — a x * (a — 1) + k > and so, in view of Lemma [4.5t 
supp(Xj) = 0, for all t. The latter relation yields supp([L']t) = for all t, i.e., supp(L') = 0. 
Finally, if supp(L) ^ then there is t such that supp([L] t ) ^ 0. Consequently, supp(Xj) ^ 
and k > 0, once again by Lemma 14.51 ■ 

Lemma 4.7 Let (I, J) be a Krasner factorization of 7L n , let k G N. If L,L' £ N(l), wii/j 
supp(L) n supp(L') = 0, are suc/i i/ia£: 

a L (a-l)a J -a L '(a-l)a J + /ca J > (4.7) 
i/ien supp(L') = 0. Furthermore, i/supp(L) 7^ i/ien > 0. 
Proof : 

By Eq. (|4.7p and since / > 0, we have: 

a L (a - l)a J a f - a L ' (a - l)a J a 1 + ka J a 1 > 

Thus the conclusion follows by Lemma [ 
We have proved the following result. 
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Theorem 4.4 Let (I, J) be a Krasner factorization of Z n . Let Pi G ^(A), let Mj, j G J, be 
finite subsets o/N such that: 

^ba- 1 + P 1 {a-l)a J + ^a I {a-l)a M ^ba j > 

Then we have Pi G N(j4). 
Proof : 

By Lemma f4,3l we have Pi = a i b(a Li —a L i), where V is a finite subset of N and Li^L^ G N(l) 

are such that supp(Lj) PI supp(L.) = 0, for each i G Then, for each i G /' there exists ki G N 
such that a Li (a — l)a J — a L *(a — l)a J + /cja J > (Lemma |4.4|) . Thus, supp(Z4) = for each 
i G i 7 (Lemma H2|) and Pi G N(A). ■ 

5 Positively factorizing codes 

As observed in [2J, the aim of the theory of codes is to give a structural description of codes in a 
way that allows their construction. This has not yet been accomplished, except for some special 
families of codes. In particular, a still open problem is the construction of positively factorizing 
codes. Known results about this question will be recalled in Section [5.21 whereas an outline of 
new results will be given in Section 15.31 In both cases there are relations with factorizations of 
cyclic groups, whose definition is recalled in Section [5.11 

5.1 Factorizations of cyclic groups 

A pair (T, R) of subsets of N is a factorization of Z n if for each i in {0, . . . , n — 1} there exists 
a unique pair (t,r) G T x R such that i = t + r (mod n). Relations between the structure of 
positively factorizing codes and a class of factorizations of 7L n have been pointed out. These 
special factorizations have been defined in [T7] and will be called here Hajos factorizations. We 
need their characterization given in [10] : (T,R) is a Hajos factorization of Z n if and only if 
a T = a 1 A-a 1 (a — l)a M > 0, a R = a J -\-a J (a — l)a L > 0, with (I, J) being a Krasner factorization 
of 7L n and L, M C N. As stated in Proposition 15. \\ subsets L,M satisfy another equation too. 
We also need the following known result (Lemma 3.2 (ii), (iii),(iv) in [9]). 

Lemma 5.1 Let k,n G N. 

(i) PcN and (a n - l)/(a - l)(k + a H {a - 1)) > then (a n - l)/(a - 1)(1 + a H (a - 1)) 
has coefficients 0, 1. 

(ii) Ifa H G N(a) and (a n - l)/(a - 1)(1 + a H {a - 1)) > then a H has coefficients 0, 1. 
Proposition 5.1 Let (L,J) be a Krasner factorization ofL n , let L,McN be such that 

a R = a L (a - l)a J + a J > 0, a T = a M (a - l)a 7 + a 1 > 0. 
Then a L (a — l)a + + a is a polynomial with coefficients 0, 1. 
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Proof : 

Let H,H' G N(l), with supp(P) nsupp(P') = and assume a L (a - l)a M + a L + a M = a 11 -a 11 '. 
An easy computation shows that 

a R a T = a H (a - l)a J a 1 - a 11 ' (a - l)a J a 1 + a J a 1 > 

Thus H' = 0, by Lemma SSI 

Then (a n - I) /{a - 1)(1 + a H {a - 1)) > and a H = a L (a - l)a M + a L + a M has coefficients 
0, 1 by Lemma [5TT1 (ii). ■ 

We will see in Section 15.21 that Hajos factorizations (T, R) related to 3-codes satisfy an 
additional hypothesis: for the corresponding pair (M, L) we have a (a — l)a L + a L > or 
a M (a — l)a L + a M > 0. In this case we say that (T, R) is a strong Hajos factorization. 

In [20], the author gave a construction of an infinite family of Hajos factorizations (T, R) of 
Z n which are not strong, i.e., which are such that, for the corresponding pair (M, L), we have 

a M (a - l)a L + a L < 0, a M (a - l)a L + a M < 

The non strong Hajos factorization (T, R) = ({0, 4, 8, 12, 16, 20}, {0, 3, 6, 21}) of Z 24 is an 
element of this family and the corresponding pair (M, L) is ({2, 3}, {1, 9, 11, 13}). 

5.2 Known results 

So far, positive factorizations (P, S) for finite maximal codes C have been constructed for m- 
codes with m < 3 or when P or S is in N(a). 

In the latter case these pairs (P,S) have been characterized in [8]. Assume P € N(a). We 
have P = P + Pi + . . . + P k , with P = a', P = Swgp i«&a Lm , 1 < i < k, S = a J , (I, J) being 
a Krasner factorization of Z n , and a R ™ = a Lw (a — l)a J + a J > 0. Therefore (I, P^,) is a strong 
Hajos factorization of Z n since a w (a-l) + a Lm > 0. Of course if S G N(a) then (S'~, P~) is as 
above. Furthermore, notice that if (P, S) is a factorization for an m-code, m < 2, then (P, S*) or 
(<5~, P~) is also as above (with k = for 1-codes and k = 1 for 2-codes). Analogously, we have 
some positive factorizations for a 3-code by taking k = 3. The other factorizations for a 3-code 
have been characterized in [9j and this description is recalled below. 

Proposition 5.2 Let (U, V) be a positive factorization for a 3-code C , with U, V C a* U a*ba* . 
Then for (P, 5) = (£/", V) or (P, 5) = (y~,U~), we have 

P = a I + albaLt ' S = a J + Yl aMj baJ 
iei' jeJ 

where (I, J) is a Krasner factorization of7L n , Li,J',Mj are finite subsets o/N, for anyi,j and 
moreover 

Vj G J a T J = a3 (a - l)a 7 + a 7 > 0, /' C U je jT j} (5.1) 

ViGJ' a fil = a il (a-l)a J + a J >a Ll (a-l)a J + a Jl >0, (5.2) 
where J; L = {j G J | i G Tj}, 

Vj EJ,iel'\I a u (a - l)a3 + a Li > 0. (5.3) 
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Remark 5.1 It is worth noting that in the original formulation of Proposition 15.21 given in [9], 
subsets Li , Mj are required to be such that 

Vj eJ,iel'nI a u (a - l)a M i + a u + a M > > 0. 

In view of Eqs. (j5.ip . (|5.2p . Proposition l5.1l applies to Li, Mj and shows that the above polynomial 
has coefficients 0, 1. Therefore we may omit this condition. 

Remark 5.2 The structure of 3-codes is related to Hajos factorizations. Moreover, some of 
them have to be necessarily strong, namely (Ri,Tj), for any i £ I' \ I, j € J. We conjecture 
that more general relations exist between Hajos factorizations, strong Hajos factorizations, and 
the structure of positively factorizing codes. 

Finally, let Q(n) be the number of factors in the prime factorization of n £ N. We recall that 
the structure of the words in C\ = C n a*ba* has been investigated in |12] and characterized in 
[T5] when a n € C, with U(n) < 2. 

5.3 Outline of the results on positively factorizing codes 

In the following sections we give partial results on the structure of positively factorizing codes. 
We begin with a characterization of the words C\ with one occurrence of 6's in a factorizing 
code C = P(A — 1)S + 1 such that P\ C P^ba* or S\ C a*bSo (Section [6]). Loosely speaking, we 
state that this set C\ is the same as in a 3-code. 

Then we analyse the structure of positively factorizing codes C in two cases: when C has 
a (positive) factorization (P, S) with S = a J + X^jeJ aMl ba? and when C is a (p, 4)-code. The 
former family of codes will be discussed in Section [71 We give a characterization of these codes. 
We prove that each m-code C having a factorization (P, S), with S = a J + YljeJ aMj ba,i , may 
be obtained by an m — 1-code C having a factorization (P' , S). Loosely speaking, we show that 
we can find words zba? € C such that C + zba Lz (A — 1)S > 0. Again, the starting point of the 
recursive construction above is the case of the 3-codes. 

Section [8] deals with positive factorizations for (p, 4)-codes. In some of the results it is 
unnecessary to assume that aP € C, with p being a prime number. As a consequence, we also 
describe the structure of some positive factorizations for 4-codes. Lemma 15.21 is the counterpart 
of Lemma 14.21 for positive factorizations. 

Lemma 5.2 Let C be a 4-code, let (U, V) be a positive factorization for C . Then for (P, S) = 
(U,V) or (P,S) = (V~,?7~), one of the following three conditions is satisfied. 

(1) P = P + Pi + P 2 + P 3 e N(A), S e N(a). 

(2) P = a 1 + Y^ieV ai ba Li + Y^ w ^p[ wba Lw , S = a J + J2jeJ aMj ba j , where (I, J) is a Krasner 
factorization ofL n , I' , Li, Mj, L w are finite subsets o/N, for any i,j,w, and P{ is a finite 
subset of a*ba* . 

(3) P = a I + £\ eJ/ a^a 1 ' + £ ie/VeLi a l ba l ba L ^ , S = a J + a M iba? , where (I, J) is a 
Krasner factorization of7L n , I' , J' ,Li,Mj,Li^ are finite subsets o/N ; for any i,j,£. 

Proof : 

The statement is a direct consequence of Lemma 14.21 and Theorem 13.31 ■ 

In Section [5.21 we described the structure of the positive factorizations for 4-codes satisfying 
item (1) in Lemma 15.21 Furthermore, 4-codes having positive factorizations that satisfy item 
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(2) in Lemma 15,21 belong to the class considered in Section Finally, positive factorizations 
satisfying item (3) in Lemma 15.21 will be handled in Section [8] when n = p, i.e., for (p, 4)-codes, 
and when P = I, i.e., with Pi C P^ba* . 

6 Words in C with one b: a special case 

Let (P, S) be a positive factorization for a finite maximal code C. Set Pq = a 1 , So = a J , where 
(I, J) is a Krasner factorization of Z n . Lemma 16.11 characterizes polynomials Pi, Si under the 
hypothesis 5i = Y^j£j aMi baP or Pi = Yliei a% ^ aLl • Loosely speaking this result states that the 
set C\ = C Pi a*ba* of the words with one occurrence of b is the same as in a 3-code. The proof 
of Lemma 16.11 is the same as in [9] and it is reported here for the sake of completeness. This 
result will also be used in Sections [7J and 

Proposition 6.1 Let (I, J) be a Krasner factorization of 7L n , let L C N and k G N, k > 0, be 
such that a L (a — l)a J + ka J > 0. Then, for any j £ J, we have (a L (a — l)a J + a J , aP) < 1. 

Proof : 

Assume there exists k > such that a L (a — l)a J + ka J > 0. Thus, 

a I (a L {a - l)a J + ka J ) = (a n - l)/(a - l)(k + a L (a - 1)) > 

Therefore, by Lemma O (i) , (a n - I) /{a - 1)(1 + a L (a - 1)) is a polynomial with coefficients 
0, 1. Assume that (a L (a - l)a J + a J , a j ) > 2 with j G J. Notice that 

(a n -l)/(a-l)(l + a L (a-l)) = a L (a-l)a J a I + a J a I = a L (a - l)a J + a J + (a L (a - 1) + l)a J a 7 \° 

Thus we get ((a L (a - 1) + l)a J a I \°, a j ) < 0, i.e., 

3i € AO, g€N : i + q = j, (a L {a - l)a J + a J ,a q ) < 

On the other hand, since a L (a — l)a J + ka J > 0, we have k > 1 and g £ J. This is impossible 
since (I, J) is a Krasner factorization of Z n and « + q = + j with i £ J\ 0, G /, j 6 J. ■ 

Lemma 6.1 Lei (/, J) 6e a Krasner factorization of 7L n , let I',Li,Mj be finite subsets ofN. 
We have 

Ci = a 7 6a J + ^ 0*60^(0 - l)a J + ^ a/ (° ~ l)a Mj &a j > 
i&r je.J 

if and only if I' , Li, Mj satisfy Eqs. 115. 1\) and 115. i.e., 

Vj G J a T ^ = a M ^ (a - l)a 7 + a 7 > 0, /' C U^jT,- (6.1) 



V» G /' a Rl = a 7 " (a - l)a 7 + a J > a U (a - l)a 7 + a Jl > (6.2) 
where J; L = {j G J | i G Tj}, /or any i G P. 
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Proof : 
Suppose that 

Ci = a 7 6a J + a l ba L *(a - l)a J + ^ a 1 (a - l)a M >ba j > 
iei' jeJ 

In view of Lemma 14.41 (applied with L[ = 0), for any i G I' there exists ki > such that 
a L *(a- l)a J + /cia J > 0. 

Assume that there exists j G J and /i G N such that (a M i(a — l)a 7 + a 1 ,a h ) < 0. Thus, we 
have (a 7 6a J + ^2jeJ q1 ( a ~ ^)a Mj ba j ,a h ba j ) < and so Q2iei' a% ba Ll (a - l)a J , a h ba j ) > 0, since 
C\ > 0. Hence, h G I' and (a Lh (a - l)a J ,a j ) > 0. Consequently (a Lh (a - l)a J + a J ,a j ) > 2, in 
contradiction with Proposition 16.11 This proves Eq. (|6.ip . 

Set, as in Eq. (|6.ip . a T i = a Mj (a — l)a 7 + a 1 . Thus Tj is a subset of N and we have 

d = Y ^ba j + Y 0*60^(0 - l)a J > 
jeJ ier 

For any z G let £4 = min Li. Thus (Y^iel 1 a% ba Li (a — l)a J , a l ba £l ) < and 

ieJ ieJ 
Hence /' C Uj g jTj. Finally, for i G J', and Jj = {j G J \ i G Tj}, we have 

Ci = ^V6a Xi (a- l)a J + ^2a T ^ba j = a l b{a L *(a - l)a J + a J >) > 

ier jeJ ieT jt jeJ 

The above relation proves Eq. (|6.2p . 

Conversely, let (J, J) be a Krasner factorization of Z n and assume that I',Li,Mj satisfy 
Eqs.flEE]) and QSty . We have 

d = a J ta J + J^&a^Ca- l)a J + J]V(a- l)a M 'ba j 
ier jeJ 

= Y aTjbaj + S aihaU ( a ~ ^ 
jeJ ier 

Y o*6(a Zi (o- l)a J + a Jl ) > 
ieTjjeJ 

and the proof is complete. ■ 

7 Construction of factorizing codes with 5 = a J + X^jej o Mj '6a J 

In this section we give a recursive characterization of (positive) factorizations (P, 5) such that 
S 1 = a J + ^Cj'gj a Mj ba^ . Consider again the finite maximal code C defined in Example 13.11 by 
the relation C = P (A-1)S + 1, with 

P = l + a^a^^^^^ + a^a^a^ 1 ' 2 ' 3 ' 4 ' 5 ^ 

S = a {0,l,2,3,4} +a {0,l} 6a {0,l ! 2,3,4} 
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Set P' = 1 + crW ' 1 ' 2 ' 3 ' 4 ' 5 ' 6 }. Equalities in Example O show that C = P'(A - 1)5 + 1 is a 
3-code and C = C + zba L » [A-1)S , with zba L * = a 2 ba 3 ba^ 1 > 2 ' 3 '^ and a 2 ba 3 ba^ 2 ' 3 ^ G C. 
This construction can be easily generalized (Proposition 17. ll) . Furthermore we can construct all 
factorizing codes with 5 = a J + Sjej cb Mj ba^ in this way (Theorem 17. ip . 

Lemma 7.1 -Let (P, 5) be a positive factorization for a finite maximal code C , with S = a J + 
T,jeJ aMj&aj > p = p o + • • • + Pk with k>l. Then C k+1 C A*ba J . 

Proof : 

The conclusion is a direct consequence of the following equation 

C k+1 = P k ba J + ^ P k ^ba M 3ba j + ^ P k(a - l)a M >ba? 
jeJ jeJ 



Proposition 7.1 Let (P,S) be a positive factorization for a (k + 2)-code C, with S = a J + 
Y,jeJ aMjbaj ' P = Po + ■■■ + Pk with k > 1. 5ei P^ = {z | zoo> G C fc+ i} and, /or z £ P^, 
J 2 = {j S J [ zoa J G Cfc+i}. Lei Pfc+i = X^eP' zoaLz,k+1 be such that 

VzGPfc a L ^ fc+1 (a- l)a J + a J > a Lz ' ft+1 (a- l)a J + a Jz > 0, (7.1) 
Vz G Pfc \ P k a Lz - k+1 (a - l)a M i + a 1 *^ 1 > (7.2) 

Then (P + Pk+i, 5) is a positive factorization for a (k + 3) -code. 
Proof : 

Let P, 5, Pfc+i be as in the statement and let Pfc+i = ^ zg p' zba Lz - k+1 . Let us prove that 
(P + P fc+ i)(,4 - 1)5 + 1 > 0. We have 

(P + P fc+ i)(^ - 1)5 + 1 = P(A - 1)5 + 1 + P k+l (A - 1)5 = 

C + P fc+ i(a - l)a J + p k+l(a - \)a M ^ba? + P k+ iba J + ^ /'/,. ,/«/ u ha 1 > 

jeJ jeJ 

C + P fc+1 (a - l)a J + Pk+i{a - l)a M ^ba j + P k+1 ba J 
On the other hand 



C + P fc+ i(a - l)a J + Y p k+i(a - l)a M ^ba j + P k+1 ba J > & 

C fc+ i + P fc+ i(a - l)a J > 0, C k+2 + p k+i(a ~ l)a M ^ba j + P k+1 ba J > 

In turn, by Lemma ITTTI Cfe + i C A*ba J . Thus let C^+i = Yl{z \ zbaiec k+1 } z ba Jz - Therefore, by 
Eq. (|7.ip we have 

C k+1 +P k+1 (a-l)a J = C k+l +Y zba L ^ k+1 (a-l)a J = ^ zb{a J * +a L *> k+1 {a-l)a J ) > 

z€P^ {z | zbai£C k+1 } 
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Next, by Lemma 16.11 a M i(a — l)a/ + a 1 > for any j £ J and we have 

C k+2 + Y P k+i( a ~ l)« M ^« j + Pk+iba J 

= Y Pkba M iba j + Y zb{a L ^ (a - l)a M ^ + a L **+ x )ba? > 
jeJ jeJ, zeP k 

Y zb(a Mj + a L *> k+1 (a - l)a M i + a L '*+ l )ba? 
jeJ, z&P h nP k 

+ Y zb(a L *' k+1 (a - l)a M i + a L ^ k+1 )ba j 
jeJ, z&p' k \p k 

The proof is now completed since 

Y zb(a M > + a L *' k+1 (a - l)a M i + a L *- k+1 )ba j > (Proposition EU), 

jeJ, zeP k nP k 

Y zb{a L *' k + l (a - l)a M i + a L ^ k+1 )ba j > (Eg. (17^11) 

jeJ, zeP k \P k 

■ 

Theorem 17. II is a converse of Proposition 17.11 and states that the described procedure constructs 
all factorizing codes with 5 = a J + X^eJ a M ^ba^ . 

Theorem 7.1 Let (P,S) be a positive factorization for a (k + 3)-code C, with S = a J + 
52 jeJ a M ibai, P = P + ... + P k +P k+1 withk> 1. Thenforanyre {l,...,kj, (P + . ■ -+P r , S) 
is a positive factorization for a (r + 2)-code = (Po + . . . + P r )(A — 1)5 + 1. Moreover, set 
P r+1 = J2zeP> zbaLz ' r+1 - Thus > P r = i z I zbaj e C r+i} and p r+l satisfies Eqs. [Ufy with 
J z = {j£J | zba? G Cgj}, i.e., 

Vz € P; a L ^ r+1 (a - l)a J + a J > a Lz > r+1 (a - l)a J + a Jz > 0, (7.3) 
Vz G P; \ P r a L ^ +1 (a - l)a M ^ + a Lz >'' +1 > (7.4) 

Proof : 

By hypothesis, (Po + . . . + Pfc+i, 5) is a positive factorization. Let us prove by induction over r 
that if (Po + . . . + P r +i, 5) is a positive factorization for a code C^ r+1 ^ then (Po + . . . + P r , 5) is 
also a positive factorization for a code C^. Notice that C t = C^ r > for t € {0, . . . , r} and 
C^ 2 = P r 65i > 0. Thus, set P r = J2weP'_ wba Lw >\ it remains to prove the following claim: 

Cf + + 1} = Yl wba L ^(a-l)a M >bai + Y yba^ba? 
jeJ^eP/..! j£j,yeP r -i 

+ Y wba Lw > r ba J + P r+ i(a - l)a J > =>• 

= ^ w&a^(a-l)a^W + ^ yba M ^ba j 
ieJ,weP;_ a j£j, y eP r -i 

+ Y wba Lw < r ba J > 
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We preliminarily prove Eqs, (|7.5j) . (17.6P below 



G P'.^ \ P r _i, Vj G J o 1 ™-' (a - l)a M ^ + a L ^ r > 0, (7.5) 

G n P r _i, Vj G J a L ^(a - l)a M ^ + a L ^ + a M * > (7.6) 

Set P r+ i = ^ eP / zba Lz < r+1 . For any G N such that (a Lz < r+1 (a - l)a J ,a q ) < we get 
(P r +i(a - l)a J ,zba q ) < 0. Thus, since C^ X) > 0, we have 

( Y wba L ^ r (a-l)a M iba j + yba M ^ba j + Y wba L ^ r ba J , zba q ) > 

that is g G J. As a consequence, a iz > r+1 (a — l)a^ + A;a^ > 0, where 

A; = max{h \ (a Lz ' r+1 (a - l)a J , a q ) = -h, q G J} > 

Assume that for i G N and j G J we have (a iuj > r (a- l)a M J +a L, "' r , a*) < 0, with w G P r '_ 1 \P r _i, 
or (a Lw ' r (a - l)a M i + a iuj > r + a M i , a*) < 0, with u> G P r '_ x D P-- 1- Hence we also have 

( Y wba Lw - r (a-l)a M iba j + yba M ^ba j + ^ wba L ^ba J , wbdba?) < 

ieJ^eP;.! jeJ,yeP r -i w< ^K-i 

Since C^ 1 ^ > 0, the above relation implies (P r+ i(a — l)a J ^wba^ba^) > 0. In turn, this implies 
w6a* = z £ P'. and (a Lz ' r+1 (a-l)a J ,a- : ') > 0, i.e., (a Lz > r+1 (a- l)a J + a J , a 3 ') > 2, in contradiction 
with Proposition 16.11 This proves Eqs. (|7.5p . (|7.6p . Thus we have 

Cl%= Y wba L ^{a-l)a M iba j + Y yba M ^ba j + Y wba L ^ba J > 
jeJ,weP^_ 1 jeJ,y&P r -i «>e^-i 

Y wHa Mj + a L ™' r {a - l)a M * + a L ^)ba j + 

jeJ, weP/._ 1 nP r _ 1 

Y wb(a Lw - r (a - l)a M i + a Lw ' r )ba j > 
jeJ, weP^Pr-i 

As a result, (Po + ... + P r ,S) is a positive factorization for a (r + 2)-code C^. Next, set 
Cr+i = | z ba3£C {r) } z ^ a ' Jz • We have J z C J by Lemma I7TT1 Furthermore 

< Cffi = ci+\ + P + i(a - l)a J = Y zbaJz + zba Lz ^(a - l)a J 

{z I zbaJGC^} z£P r 

Thus P/ = {z | z6a J G C^\} and Eq. (]7.3p follows easily. Finally, by 

C^ 2 1] = Y zba Lz ' r+1 (a - l)a M ^ba j + Y vba M 'ba? + Y zba Lz ' r+1 ba J > 
ieJ.zeP; j&J,y&P r z^P' r 

it is clear that Eq. (j7.4p holds. ■ 
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8 Construction of 4-codes 



In this section we focus on positive factorizations for 4-codes C satisfying item (3) in Lemma 
15.21 i.e., such that 

P = a I + J2 aib a L '+ Y ^baV^, S = a J + Y aM ' baJ (8.1) 

ier ier,i<=Li j&j> 

where (I, J) is a Krasner factorization of 7L n and I',J',Li,Mj,Lig are finite subsets of N, for 
any i,j,£. The following lemma states a first property of these subsets Li,Mj,L^. 

Lemma 8.1 Let I', J', J,Li,Mj,Li t £ be finite subsets ofN, for any i,j,£. We have 

C 3 = Yj a l ba e ba L ^ba J + Y a l ba u ba M ^ba? 
iei',£eLi iei',jeJ' 

+ Y atbafba^a - l)a M 'W > 
ier,eeLi,je.J' 

if and only if we have 

Vt € I',j € J' n J a L ^{a - l)a M > + a L ^ + a M ' > (8.2) 
Viel'j EJ'\J a L ^ (a - l)a M i + a M i > (8.3) 

Proof : 

Let us write the polynomial C3 in a different way 

Y a^ba^ba- 1 + Y ^baHa^b^ + Y a%a l ba L ^{a - l)a M ^ba j = 
ieJ',eeLi iel'jeJ' ieP ,leL it j£j> 

Y (tbaV^ba? + Y a l ba e b(a L ^ + a M > + a L ^(a - l)a M *)ba j 
ier,£eLi,jeJ\j> iei',£eLi,jeJ'nJ 

+ Y Jbatyah* (a - l)a M ' + a M 0^' 
ier,£eLi,jeJ'\J 

Then the following relation makes the conclusion obvious. 

Y a i ba i ba L ^ba j + Y a l ba l b{a L ^ + a M > + a L '- e (a - l)a M ^)ba j 
ier,£eLi,jeJ\j' iel',£eLi,jeJ'nJ 

+ Y a l ba e b(a L ^{a - l)a M > + a M ^)ba j > €> 
ier,£eLi,jeJ'\j 

Y a l ba e b{a L ^ + a M > + a L ^ (a - l)a M ^ )ba j 
iel',£eLi,jeJ'nJ 

+ Y 0*60^6(0^(0 - l)a M > + a A/ 0&a J ' > 
ier,eeLi,jeJ'\J 

■ 

We now discuss positive factorizations (P, 5) satisfying Eq. (|8.ip in two cases: 
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1. when V = I, i.e., with P 2 C Piba* and P x C P ba* (Section [HE]), 

2. when aP € C, with j> prime number, i.e., when C is a (p, 4)-code (Section I8.2|) . 

We give a characterization of these pairs (P, S) in the first case. In both cases the relation with 
positive factorization for 3-codes is not so easily describable as for pairs in Section [71 

8.1 The case I' — I 

In this section we assume that P = a 1 +Y^i £ i tfba^+^^j e< - L .a l ba e ba Li ' 1 , S = « J +X]j g j' o, M ^ba^, 
where (I, J) is a Krasner factorization of Z n , J', Li,Mj, L^n are finite subsets of N, for any t. 
As in Section [7J we first give conditions under which (P, S) is a positive factorization for a finite 
maximal code C (Proposition 18. We then prove that if (P,S) is a positive factorization for 
C then (P,S) necessarily meets these conditions (Proposition 18.21) . Some necessary conditions 
are provided by Lemmas 16.11 and 18.11 In particular, by the former lemma we have 

V« e I a Rl = a il (a - l)a J + a J > 0, J' C U ieI Ri (8.4) 
Furthermore, for any j E J', let Ij = \i G I \ j G -Rj}. Then we have 

Vj G J' a T -> = a M > (a - l)a/ + a 1 > a M > (a - l)a^ + a 1 * > (8.5) 
We illustrate the remaining conditions through an example. Let us consider the polynomials: 

{0,2,4,12,14,16} _j_ a {0,2,4,12,14,16}^ a {l,9,ll,13} j_ 
{0,2,4,12,14,16} &a {l,9,ll,13} &Q {l,3,5,7,9,ll,13,15,17,19} 
{0,1,6,7} + Q {2,3} ba 21 

An easy computation shows that (P, S) is a positive factorization for a 4— code C = P{A—1)S+1. 
The pair (I, J) = ({0, 2, 4, 12, 14, 16}, {0, 1, 6, 7}) is a Krasner factorization of Z24. More- 
over, subsets Li = L = {1,9,11,13}, Mj = M = {2,3}, J' = 21 satisfy Eqs. ([53]), (183]) 
and Mj, = L' = {1,3,5,7,9,11,13,15,17,19} satisfy Eq. (l8.3j) . Furthermore we have 
a R = a L (a — l)a/ + a J > 0. Thus, there are two Hajos factorizations of Z24 associated 
with (P, S): the strong Hajos factorization (T, R') = ({0, 4, 8, 12, 16, 20}, {0, 27, 6, 21}) with the 
corresponding pair (M, V) = ({2, 3}, {1, 3, 5, 7, 9, 11, 13, 15, 17, 19}) and the non strong Hajos 
factorization (T,R) = ({0, 4, 8, 12, 16, 20}, {0, 3, 6, 21}) with the corresponding pair (M, L) = 
({2, 3}, {1, 9, 11, 13}). Notice that R n R' = {21}. 

Proposition 8.1 Let P = a 1 + Ei G / a ^a il + EieJ/e^ a i bafiba L *-* > S = a J + £ j6J , a M 'W , 
where (I,J) is a Krasner factorization of 7L n , J' , L$, Mj , L^g are finite subsets of N, /or any 
Assume that Li, Mj, J' satisfy Eqs. &8.4\ ), h8. 5|) and Mj, L^g satisfy Eqs. h8. 2\) . \8. 3\) . i.e., 

Vi£ I a Rl = a Ll (a - l)a J + a J > 0, J' C U, e /i?i (8.6) 



Vj G J' a T -> = a M * (a - l)a/ + a 1 > a M * (a - l)a^ + a 1 * > (8.7) 



P = 
5 = 
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where Ij = {i £ I \ j £ Ri}, 

V* G I, j G J' flJ (a - l)a A/ ^ + a L ^ + a A ^ > (8.8) 

V* G /, i G J' \ J a L ^ (a - l)a M i + a A ^ > (8.9) 

Then for any i £ I and j G J' , a Li {a — l)a Mj + a Li + a Mj is a polynomial with coefficients 0, 1. 
Moreover, suppose that 

Mi G I, £ G = a L ^ (a - l)a J + a J > (8.10) 

Vi £ I,j G J', I £ Li (a L ' (a - l)a A ^ + a M * , c/) < => j £ (8.11) 

T/ien (P, S) is a a positive factorization for a 4-code. 
Proof : 

Assume that P, S are as in the statement. Since Li, Mj satisfy Eqs. (|8.6p . (|8.7p . for any i £ I, 
j £ J', the polynomial a Li (a— l)a Mj ' +a Li +a Mj has coefficients 0, 1 (Proposition l5.ip . Therefore, 
if (a Ll (a - l)a A ^ + a M J,a e ) < then I £ Li and (a il (a - l)a A ^ + a M > + a e , a 1 ) > 0. 
Let us show that (P, 5") is a a positive factorization for a 4-code, i.e., P(^4 — 1)5 + 1 = C > 0. 
We have to prove that C ft > for h £ {0, 1, 2, 3, 4}. Of course C = (/(a - l)a J + 1 = a n > 
and C4 = Yliel eeL t jeJ' al ba i ba Li > 1 ba M ^ba^ > 0. Furthermore since Lj, Mj satisfy Eqs. ([8.6p . 
(|8.?p . we have C\ > (Lemma 16. 1 H and since Mj, satisfy Eqs. (18.8f ). (18. 9p . we have C3 > 
(Lemma 18. ip . It remains to prove that C2 > 0. In view of Eqs. (|8.10p . (|8.11|) we have 

C 2 = '£a i ba Li ba J + Y,a I ba M >ba j + ^ a l ba L >(a - l)a M >ba j 
iei jeJ' ieijeJ' 

+ a i ba i ba Lt - t (a-l)a J 

= Yl a'baV^ + Y a^(o Li (a - l)a M ^' + a M ^>a j > 
iei,eeLi %ei,jeJ' 

which completes the proof. ■ 

Proposition 8.2 Let P = a 1 + £\ gJ a { ba u + Eie/,^ aW&a^, 5 = a J + £j 6 j' a M ^6a^ 
where (J, J) is a Krasner factorization of Z n , 3' ,Li,Mj,L^ are finite subsets of N, for any 
If (P,S) is a positive factorization for a 4-code C then L. L , Mj, J' satisfy Eqs. {8.4\j , 118. 5\) 
and Mj, L ij£ satisfy Eqs. fO|) . ( fO|) . i.e., 

ViG/ a R ' =a L '(a-l)a J + a J >0, J'cU ieI Ri (8.12) 



Vj G J' a 7 ^ = a M ^ (a - l)a 7 + a' > a M ^ (a - l)a^ + a 1 ' > (8.13) 



21 



where Ij = {i £ I \ j £ Ri}, 

Vi € I, j £ J' n J a L ^ (a - l)a A ^ + a L ^ + a M ' > (8.14) 

Vi€l,j€J'\J a L ^(a- l)a M > < + a M > > (8.15) 

Hence for any i £ I , j £ J' , a Li (a — l)a Mj + a Li + a Mj is a polynomial with coefficients 0, 1. 
Moreover, we have 

\/i£l,l£L i/ a R ^ = a L ^{a - l)a J + a J > (8.16) 
Vi £ I, j £ J', i£Li (a L * (a - l)a M > + a M > , a E ) < j £ R^t (8.17) 

Proof : 

Let P = a 1 + E ie / a ^a Ll + '£ ieI/eL .a i ba e ba L ^, S = a J + "£ jeJ , a M ^ba^ \ where (J, J) is 
a Krasner factorization of Z n , J',Li,Mj,Li£ are finite subsets of N, for any i,j,£. Assume 
P(A - 1)5 + 1 = C > 0, thus C h > for h £ {0,1,2,3,4}. Since C x > 0, by Lemma 
IBTTl Li, Mj, J' satisfy Eqs.flEZHJ), (I8J3D . Hence by Proposition EH for any i £ I, j £ J', 
a Li (a — l)a Mj + a Li + a M i is a polynomial with coefficients 0, 1. In addition, since C3 > 0, by 
Lemma 18. II Mj. Ln satisfy Eqs. (|8.14p . (|8.15p . Furthermore, we have 

C 2 = ^2a i ba L ^ba J +^a I ba M ^ba j + ^ a}ba L >{a - l)a M ^ba j 
iei jeJ' iei,jeJ' 

+ a l ba e ba L >' e (a-l)a J >0 

Assume that there are i £ I, £ £ L^t, t £ N such that (a Li ' e (a - l)a J + a J , a 1 ) < 0. Thus 

a%a u ba J + ^ a i ba?ba L u (a - l)a J , oWte') < 
ie/ iei,£eLi 

Since C2 > 0, we have 

( a 7 6a A ^ 6a J ' + ^ a l ba u (a - l)a A ^ 6a J ' , a'WW ) > 
jeJ' iei,jeJ' 

which yields (a M ^ + a L '(a - l)a M '\a € ) > 0, i.e., (a M i + a Ll (a - l)a M i + a Li ,a £ ) > 1. The last 
relation is impossible since a Li (a — l)a Mj + a Li + a Mj is a polynomial with coefficients 0,1. 
Therefore Eqs. (j87L6j) hold, i.e., for alii £ I, £ £ L ir £, we have = a Li <*(a - l)a J + a J > 0. 
Finally, we have 

C 2 = a i ba e ba R ^+ ^ a l b(a U {a - l)a M > + a M ^)ba j > 

iei,eeLi iel,jeJ' 

Thus for all i £ I, j £ J', £ £ N such that (a Ll (a - l)a M i + a M i,a e ) < we know that £ £ L { 
and by the above equation j £ R^^, i.e., Eqs. (|8.17p hold. ■ 

Looking at Propositions I8.ll 18.21 we see that two cases may occur: either for any i £ I and 
j £ J' we have a Li (a — l)a Mj + a Mj > or not. Examples 18.11 and 18.21 from [13] illustrate the 
first and the second case respectively and point out relations between 4-codes and 3-codes. 
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Example 8.1 Let us consider the polynomials: 



P = a {°> 2 > 4 > 12 > 14 > 16 } _|_ a {0,2,4,12,14,16}^ a {l, 3, 5,7,9,11, 13,15,17,19} , 

a {0,2,4,12, 14,16} ^{1, 3, 5,7,9,11, 13,15,17,19} ^{1, 3, 5,7,9,11, 13,15,17,19} 



S = a {0,l,6,7} +a {2,3} 6| 
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An easy computation shows that the relation C = P(A — 1)S + 1 defines a 4— code. In addition, 

the pair (P' , S), with P> = a {0,2,4,12,14,16} +a {0,2,4,12,14,16} 6a {l,3,5,7,9,ll,13,15,17,19} defineg & 3 _ code . 

Example 8.2 Let us consider the polynomials: 



P = a {0,2,4,12,14,16} + a {0,2,4,12,14,16}^ a {l,9,ll,13} + 

{0,2,4,12,14,16}^ {1, 9, 11, 13}^ {1, 3, 5,7,9,11, 13,15,17,19} 

S = a^^ + a^ba 21 . 

We already observed that the relation C = P(A—1)S+1 defines a 4— code. The pair (P', S), with 
pi = a {o,2,4,i2,i4,i6} + a {0,2,4,i2,i4,i6} 6a {i,3,5,7,9,n,i3,i5,i7,i9} defineg & 3 _ code . n the contrary 

the pair {P",S) with P" = a {0,2,4,12,14,16} + a {0,2,4,12,14,16} 6a {l,9,ll,13} doeg not define & 3 _ code . 

8.2 The case of the (p, 4)-codes 

In this section we consider (p, 4)-codes C and their positive factorizations (P, S) satisfying item 
(3) in Lemma [ 



P = a 1 + ^a i ba L * + a i ba i ba Li >' 
S = a J +^2a M iba j , 



jeJ' 



where (I, J) is a Krasner factorization of Z p and I', J' , Li,Mj,Ln are finite subsets of N. Assume 
that / = {0}, J = {0, . . . ,p — 1} (the case I = {0, . . . ,p — 1}, J = {0} may be handled in the 
same way). Then words in C\ = C H a*ba* are defined by the following relation 



d = 6a {0 '-' p - 1} + ^a i 6a Ll (a-l)a {0 '-' p - 1} + ^(a-l)a M ^a J ' >0 (8.18) 

Example 8.3 Let p = 3, V = {0,3}, L = {0}, L 3 = {1}, J' = {1,2,4}, M x = {0,1,2}, 
M 2 = {0, 1, 2, 3}, M 4 = {3}. Then 

&a {o,-,P-l} + Y / a l ba L *(a - l)aP""*-V + ^(a - l)a A/ ^' 
ie/' jeJ' 
= kJ ' 1 ^ + (a - 1) a^ 2 ha + (a - l)a^ 3 ha 2 + (a - l)a 3 6a 4 + 

b(a - l)a^^ + a 3 ba(a - l)a^^ 
= ba 3 + a A ba A + a 4 ba 2 
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Example 8.4 Let p = 3, V = {0,3}, L = {0}, L 3 = {1,4}, J' = {1,2,7}, M x = {0,1,2}, 
M 2 = {0,1,2,3}, M 7 = {3,4,5}. Then 

ba {o,..., P -i} + J2a i ba L ^(a - l)a {0 '-' p - 1} + J^(a - l)a M >ba j 
ier jeJ' 
= bat ' 1 ^ + (a - l)a^ 2 ha + (a - lja* ' 1 ' 2 ' 3 ^ 2 + (a - l)a^ 4 ' 5 W + 

6(a - l)^ ' 1 ' 2 } + a 3 ba^(a - l)a^ 
= ba 3 + a 6 ba 7 + a 4 6a 2 

The structure of the words in Ci has been described in |15j : Ci = a^ba 30 + . . . + a tp ^ 1 ba Jp ~ 1 , 
where {jo, . . . , j P ~i} = {0, . . . ,p — 1} (mod p). In order to characterize the other words in C, we 
need a characterization of subsets I', J', Li, Mj in Eg. (18. 181) . This will be given below by some 
transformations of this equation. 

Lemma 8.2 Let L', J', L i: Mj be finite subsets of N, let p £ N. For all t G {0, . . . ,p - 1}, let 
Xj® = {x G N | t + xp G [Li] t }, Y t = {yj G N | j = t + yjp,j G J'}. Then we have 

ba {o,.., P -i} + Y^a i ba L ^{a - l)a {0 '-' p - 1} + J^(a - l)a M 'ba? > & 
ier jeJ' 

Vi G {0, . . . ,p - 1} b + ^ a l ba x{ ' } (a - 1) + ^ (a - l)a M W > (8.19) 

Proof : 

It is easy to see that we have 

Ci = 6a^°'-' p - 1 > + ^a i 6a L '(a-l)a^-' p - 1 > + ^(a-l)a M ^a J >0 
ieJ' ieJ' 

if and only if we have 

Vt G {0, . . . ,p- 1} 6a* +^aW L *(a p - 1) + ^ (a - lja^&a 1 ' > 

ie/' je[J']< 

In turn, for any h, k G N, i G {0, ... ,p — 1}, we also have 

{ba 1 + ^ aW L ^(a p - 1) + ^ (a - l)a M ^a J ', a h ba kp+t ) = 
ier je[J'] t 

and the proof is complete. ■ 

The structure of finite subsets V ,Yt, xj® , Mj of N satisfying Eq. (|8.19p has been characterized 
in [14]. This characterization can be obtained by the following lemma. 
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Lemma 8.3 Let h,k € N, let I', Y, X h Mj C N, with V ' UY ^ 0, smc/j i/iat 

a h 6a* + ^ a^a x '(a - 1) + J^(a - /«/ ? > 

iei 7 iey 

Then either h £ J' and = {A;, fc+l, . . . , k+r$ — 1} or A; € 1" and jVf& = {h, h+1, . . . , h+rQ — 1}, 
with ro G N, To > 1. 

Remark 8.1 Let I', F, X;, M 3 - C N, such that 

b + ai t>a Xi («-!) + X)( a - i)"^ ^ ^ 
iei' jer 

Let I' = {io,...,ifc}, Y = {jo,...,jh}, with »o < h < ■ ■ ■ < h, jo < h < ■ ■ ■ < 3h- Then 
rain X; Lv+1 = max X; Lv + 1 (resp. rain Mj v+1 = max Mj v + 1). Therefore the Xj's, Mj's, Uj 6 //Xj, 
Uj£jrMj are disjoint sets of consecutive integers. 

Of course C4 — Yliei' E&LijeJ' ai ba^ba Ll - e ba Mj bai > 0. Furthermore, the structure of the set 
C3 of words with three b's in C has been characterized by Lemma l8.ll Mj, Li t £ satisfy Eqs. (|8.2l) . 
()8.3p . The task of characterizing C2 remains. We recall that words with two b's in C are defined 
by the following relation 

C 2 = ^ tfba^baW'-'P-V + ^ ba M ^ba j + ^ 0*60^(0 - l)a M ^a J ' 
iei' jeJ' iei',j€J' 

+ Yl a'ba'ba^'ia- l)a {0 '-' p ~ 1} > (8.20) 
i£l',£eLi 

Example 8.5 Let p, I' , J' , Li, Mj be as in Example 18.31 We have 

Y a i ba Li ba {0 '-' p - 1} + ^ ba M ^ba j + ^ 0*60^(0 - l)a M ^ba j 
ier jeJ' iel'jeJ' 

+ Y a l ba e ba L ^(a - l)a^-^ = bba^ + aHaba^ 1 ^ + ba^ba + ba^^ba 2 + 

ba 3 ba 4 + b(a - l)aS°' X ^ba + b{a - l)^ ' 1 ' 2 ' 3 ^ 2 + 6(0 - l)a 3 6a 4 + a 3 ba{a - l)a {0 ' 1 ' 2} ba+ 

a 3 ba{a - l^ ' 1 - 2 ' 3 W + a 3 ba{a - l)a 3 ba 4 + ^ aW^ (a 3 - 1) = 

iel',teLi 

b 2 + ba 3 ba + ba 4 ba 2 + ba 4 ba 4 + 6a {0,1 ' 2} 6a + fca* ' 1 ' 2 ' 3 ^ 2 + a 3 bab 
+a 3 ba 4 ba + a 3 6a 5 6a 2 + a 3 ba 5 ba 4 - a 3 ba 4 ba 4 + ^ a^ba 1 ^ (a 3 - 1) < 

Indeed (T,iel',eeLi a i ba e ba L ^ e+3 ,a 3 ba 4 ba 4 ) = since 4 L 3 . 
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Once again, in order to solve Eq. (18.201) we turn it into simpler equations. It is immediate to 
see that for subsets I', J', Li, Mj,L it i of N, Eq. (j8.20p holds, i.e., 



C 2 = ^2a i ba L ^ba {0 '-' p - 1} + ^2ba M ^ba j + ^ (jba Li (a - l)a M * ba j 
iei' jeJ' ierjeJ' 

+ a^ba^'ia - l)a {0 '-' p - 1} > 

if and only if 

Vt G I' \ dba^ba^-'P- 1 ^ + Jba^ia - l)a M ^ba j 

jeJ' 

+ J2a i ba i ba Li ' i (a-l)a^°'-' p - 1 ^ >0 (8.21) 

and 

ba Lo ba {0 '-' p - 1} + baL °( a ~ l)a Mj ba j + ^ ba M ^ba j 

j£j> 

+ ba e ba L °> e {a - l)a {0 '-' p - 1} > (8.22) 

eeL 

Lemma 18.61 states additional conditions that subsets Li, Mj have to satisfy. 

Lemma 8.4 Let M = {m, m + 1, . . . , m + h — 1} be a set of consecutive non negative integers, 
let L be a finite subset ofN, let k G N. If a L (a - l)a M + ka L > then a L (a - l)a M + a L > 0. 

Proof : 

Let = G L | £-h L}, [L] + = {l + ht t \ £ G [£]_,.£+ £ L,£ + ht £ L,0 <t <t e -l}. 
We have 

a L (a - l)a M + fea L = a i+m (a' 1 - 1) + ka L = a m a^+ - a m a [L] - + ka L 

Let (a m a[ L l-,af) > 0, i.e, g = m + £' , with £' G Assume (a m a[ L ]+,a 9 ) > 0. Then 

g = m + £' = m + £ + hti, with £ + hte G [L} + . Hence £' = £ + hte £ [£]_ C L, which is 
impossible. Therefore (a L ,a 9 ) > 0. Since a m a^~ is a polynomial with coefficients 0, 1, we have 
a L (a - l)a M + a L > 0. ■ 

By a similar argument we can prove the following lemma. 

Lemma 8.5 Let M = {m,m + l, . . . ,m+h — 1} be a set of consecutive non negative integers, let 
L be a finite subset ofN, letk G N. If a L (a-l)a M +ka L +a M > then a L {a-l)a M +a L +a M > 0. 

Lemma 8.6 // J', Li, Mj,L it e are subsets o/N such that Eqs A8.21\) . t8.22\) hold then 

Vi € I' \ 0, j G J' a L ' (a - l)a M J + a L ' > (8.23) 
Vj G J' a Lo (a - l)a AJ ' + a io + a M > > (8.24) 
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Proof : 

Let i G V \ 0, j G J', t G N be such that (a L * (a - l)a M J , a e ) = -k e < 0. 
Therefore (a i 6a il (a - l)a M J&a J ', (jbatba?) < and by Eq. dOT]) we have 

(a i &a i *&a< '~' p - 1 > + ^ atbaV^ia - l)^ -- 1 '- 1 }, a*6aW) > 

Hence £ G L« and a L '(a-l)a M J +ka Ll > 0, with A; = max{k t \ (a L% {a-l)a M ^a l ) = -kg, I G LJ. 
Thus Eq. (l8.23p follows by Lemma l8~4l By a similar argument we can state Eq. (18,24p . ■ 

Example 8.6 Let p, I',, J', L, h Mj be as in Example E31 We have a L3 (a - l)a Mi + a Ls = 
a(a — l)o 3 + a = o 5 — a 4 + a < 0. Thus L3, M4 do not satisfy Eq. (|8.23p in Lemma 18.61 Notice 
that there is no polynomial Pi C a*ba*ba*, such that the pair (P, S) is a positive factorization 
of a finite maximal code, with P = P' + P2, P' = 1 + Yliei' a l ba Li = 1 + b + a 3 ba, S = 
a {o,i,2] + j2 jeJI a M iba? = a^ 1 ^ + a^^ba + a^^ba 2 + a 3 ba 4 (see Example [53}. 

9 Conclusions 

In this paper we proved that if (P, S) is a factorization for a finite maximal code C, with 
C n a* = aP for a prime number p and S 1 = So + Si with supp(Si) C a*b ■ supp(So), then 
(P, S) is positive. We also proved that (p, 4)-codes satisfy the factorization conjecture and each 
factorization (P, S) for a (p, 4)-code is positive. 

A natural question is to characterize those positively factorizing codes having only positive 
factorizations. One may conjecture that this is the case for finite maximal codes containing a 
power of a with a prime exponent. This is a first research direction. 

A related problem is to find conditions under which a factorization is positive. In this 
framework, Hansel and Krob asked the following question, reported in [19]: let P, Q G Z[a] be 
such that PQ = 1 + a + . . . + a n , with n G N. If P has coefficients 0, 1 then Q also has coefficients 
0,1. 

As a second direction of research for both the above mentioned problems, one can investigate 
finite maximal codes containing a power of a with a prime exponent and having a factorization 
(P, S) such that S = So + S\ + . . . Sk with supp(Sj) C a*b ■ supp(Sj_i), for j G {1, . . . , k}. One 
may ask whether it is still true that P, S are necessarily in N(vl). We have already proved that if 
S G N(j4), with supp(S'j) C A*b ■ supp(So), 1 < j < k, then P, S have coefficients 0, 1 (Theorem 

KM- 

Concerning the structure of positively factorizing codes, our construction of (p, 4)-codes is 
not complete since we do not give a characterization of subsets La- More generally, a method 
for constructing all positively factorizing codes is still lacking (see [131 02] f° r conjectures 
and related problems). In this regard, it could be interesting to look for a generalization of the 
constructions given in Sections [71 [8j 

Another related question is to find conditions under which a set of words C\ satisfying 
C\ = a 1 (a — l)Si + Pi (a — l)a J + a 7 6a J , where (I, J) is a Krasner pair and Pi, Si are finite 
subsets of a*ba* , may be embedded in a factorizing code. Some sufficient conditions have been 
stated in [101 dam H]. 

Finally, one can investigate whether all the results concerning m-codes can be generalized 
to alphabets having cardinality greater than two. 
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